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Convergence of Taylor Series of real normed
division algebras.
Eric Dolores
Abstract. We propose a new way to compute the radius of convergence
for Quaternionic hyperholomorphic functions and for Octonion analytic
functions. We extend the theorem of Cauchy-Hadamard and the theo-
rem of Abel on convergence of series to Quaternionic analysis with the
Fueter Operator, to Quaternionic analysis with the Moisil–The´odoresco
operator and to the Octonion analysis with the Fueter operator.
1. Background
William Rowan Hamilton wanted to define an operation on R3 with analogous
properties to multiplication of complex numbers. On October 16, 1846, he
found the rules to define an associative product on R4 with unit so that every
non-zero element has an inverse. This product is not commutative. Hamilton
called this structure on R4 the Quaternion numbers which we denote as
H = {x0+ix1+jxj+kxk|(x0, x1, x2, x3) ∈ R4, i2 = j2 = k2 = −1, ijk = −1}.
Quaternions are closely related to rotations on R3 and R4.
Dr. Fueter proposed the study of Quaternionic functions that are zeroes
of the operator:
D =
∂
∂x0
+ i
∂
∂x1
+ j
∂
∂x2
+ k
∂
∂x3
.
which generalizes the Cauchy Riemann operator in complex analysis [3]. We
call this functions hyperholomorphic. We will study the radius of convergence
of power series expansions of hyperholomorphic functions.
Definition 1.0.1. The Fueter’s basis is given by the hyperholomorphic func-
tions ζ1(x) = x1 − ix0, ζ2(x) = x2 − jx0, ζ3(x) = x3 − kx0. Where x =
x0 + ix1 + jx2 + kx3. They form the basis of hyperholomorphic polynomials
of degree one.
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We write the Taylor expansion of a hyperholomorphic function using
Fueter’s Basis:
f(x) =
∞∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν ,
where aν ∈ H for all n ∈ N and ν = (n1, n2, n3), n1+n2+n3 = n and Pν are
degree n hyperholomorphic homogeneus polynomials. The polynomials Pν
are permutational products of the Fueter’s basis. For example 2 ∗ P(1,1,0) =
ζ1(x)ζ2(x) + ζ2(x)ζ1(x). We will give the full definition on the next section.
On the current literature, such as [[4], page 168], the radius of conver-
gence of a hyperholomorphic function is calculated by expanding ‖f(x)‖ as
sum of monomial terms:
‖f(x)‖ ≤
∞∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
‖Pν‖‖aν‖,
≤
∞∑
n=0
∑
v0+v1+v2+v3=n
|xv00 xv11 xv22 xv33 |‖a(v0,v1,v2,v3)‖,
Here the coefficients a(v0,v1,v2,v3) are a linear combination of the coefficients
{aν}‖ν‖=n. Then we apply the formula
ρ = lim
n→∞
(
∑
‖(v0,v1,v2,v3)‖=n
‖a(v0,v1,v2,v3)‖1/n)−1
to guarantee that f converges on {x ∈ H| ‖x‖ < ρ}.
In this paper we calculate a different radius of convergence ρ′.We use the
Taylor expansion of the function in terms of the Fueter basis. We introduce
an auxiliary norm ‖ · ‖′ that determines the region of convergence of the
function f .
The main idea here is that since we expand the homogenous polynomials
in the Fueter basis, we also use a norm related to that basis. This norm
help us understand hyperholomorphic functions better. To support this idea
we use the norm ‖ · ‖′ to extend Abel, and Cauchy-Hadamard theorems on
convergence of complex series to the Quaternoinic case.
The non commutativity of Quaternions set the shape of the Taylor ex-
pansions. We will used the fact that the norm ‖ · ‖ is multiplicative to bound
the Taylor expansion in terms of the norm ‖ · ‖′. We will never worry about
commutativity since we will work all the time with real numbers. The same
ideas are applied to analytic functions on Octonions. The reason is that Oc-
tonions and Quaternions are finite real division algebras that accept a mul-
tiplicative norm.
Finally we also show equivalent theorems for the zeroes of the Quater-
nionic Moisil-Theodoresco operator.
As far as the author is aware, this is the first time those theorems are ex-
tended to Quaternions and Octonions. A weak version of Abel lemma, which
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is closely related, has been proved in [[6], equation (18)] using estimations in
terms of ‖ζi‖.
The paper is organized as follows. In section 2 we describe the auxiliary
norm ‖ · ‖′ and its general properties. In section 3 we introduce the radius of
convergence ρ′ and we prove the Quaternionic version of Abel and Cauchy-
Hadamard theorems. In section 4 we study relationships of our radius of
convergence with other definitions. In section 5 we extend the theorems to
Octonion analytic functions. In section 6 we study the case of the Mosil
Teodoresco operator and the Octonions. In the final section we discuss open
questions.
2. Introduction
In this section we describe the Taylor series expansion of a hyperholomorphic
function. We introduce a norm ‖ · ‖′; we use the norm to find a bound on
the homogeneous term of degree n of the Taylor series expansion. In the next
section we will use this bound to describe the radius of convergence.
Definition 2.0.1. A function f : H→ H is said to be (left) hyperholomorphic
in a neighborhood V of the origin, if f is real differentiable on V and if
Df = 0 when D is the Cauchy-Riemann-Fueter operator
D =
∂
∂x0
+ i
∂
∂x1
+ j
∂
∂x2
+ k
∂
∂x3
.
We study the following Taylor expansion of a (left) hyperholomorphic
function f at the origin given in terms of non commutative polynomials
f(x) =
∞∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν ,
where
Pν =
1
n!
∑
(i1,··· ,in)∈Aν
ζi1 · · · ζin ,
and the sum is over ~ν ∈ Aν , Aν is the set of all possible words with n1 letters
1, n2 letters 2 and n3 letters 3, see [6].
We propose the use of the following auxiliary norm to analyse the Taylor
expansion of f .
Definition 2.0.2. We denote by ‖ · ‖′ : H→ R the norm
||x0 + ix1 + jx2 + kx3||′ = max{||x0 + ix1||, ||x0 + jx2||, ||x0 + kx3||},
where ||r + ls|| = √r2 + s2, l ∈ {i, j, k} is the euclidean distance.
The corresponding regions
B(0, r) := {x ∈ H| (
3∑
0
x2i )
1/2 < r}, B′(0, r) := {x ∈ H| ||x||′ < r}
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satisfy
B(0, r) ⊂ B′(0, r).
For example .9i + .9j ∈ B′(0, 1) but .9i + .9j 6∈ B(0, 1). The shape
of B′(0, r) is a 4 dimensional object whose 3-dim boundary has cubes and
poly-cylinders. For purely imaginary values, we get
||x1i + x2j + x3k||′ = max{|x1|, |x2|, |x3|}
while for complex numbers, we get ||x0 + x1i||′ =
√
x20 + x
2
1.
We compute
volume (B′(0, r)) = 16
∫ r
t=0
(r2 − t2)3/2dt (1)
= 6/π ∗ volume (B(0, r)) (2)
From the following examples:
||i(1 + 2j)||′ = ||i+ 2k||′
= 2
< ||i||′||1 + 2j||′
=
√
5
= ||1 + 2j||′
= ||i−1(i + 2k)||′
> ||i−1||′||1 + 2k||′
= 2
we conclude that in general ||xy||′ cannot be compared with ||x||′||y||′
as ||i(1 + 2j)||′ < ||i||′||1 + 2j||′ and ||i−1(i + 2k)||′ > ||i−1||′||1 + 2k||′. This
won’t affect our calculations because the usual norm || · || is multiplicative,
and we will only use the norm ‖ · ‖′ to quantify terms on the homogeneous
polynomials Pν as we explain below.
The usual method to compute the radius of convergence considers
‖ζi1 · · · ζin‖ ≤ (‖xi1‖+ ‖xi0‖) · · · (‖xi1‖+ ‖xi0‖) ≤ 2n‖x‖n,
by using that ‖xi0‖ < ‖x‖, instead we skip the triangle inequality by consid-
ering
‖ζi1 · · · ζin‖ = ‖ζi1‖ · · · ‖ζin‖ (3)
≤ (‖x‖′)n. (4)
Going from the Fueter variables to the real variables always adds a 2n
coefficient. Now we will use this norm ‖ · ‖′ to bound the value of ‖f(x)‖.
Given ν = (n1, n2, n3) we define Aν as the set of all possible words ~ν
with n1 letters 1, n2 letters 2, and n3 letters 3. To each word ~ν ∈ Aν we
consider a product of the Fueter basis where the letters of ~ν indicate the
position of the corresponding function ζ1, ζ2, ζ3. Aν keeps track of the terms
in Pν .
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Definition 2.0.3. Given the series
f(x) =
∞∑
n=0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν ,
We define N(f) by
N(f)(x) = lim
N→∞
N∑
n=0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
||aν
n!
||
∑
~ν=(i1,··· ,in)
~ν∈Aν
||ζi1 · · · ζin(x)||.
In the remaining of the section we will estimate upper bounds for
N(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν).
Since Aν , has
(
n
n1 n2 n3
)
possible words we have
N(n!P(n1,n2,n3))(x) =
∑
(i1,··· ,in)∈Aν
||ζi1 · · · ζin(x)|| (5)
≤
∑
(i1,··· ,in)∈Aν
(||x||′)n1+n2+n3 (6)
= (||x||′)n1+n2+n3
(
n1 + n2 + n3
n1, n2, n3
)
, (7)
the inequality comes from (4).
With help of the norm ‖ · ‖′ we make the estimation:
N(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) ≤ (||x||
′)n
n!
∑
ν=(n1,n2,n3)
n1+n2+n3=n
(
n
n1, n2, n3
)
‖aν‖. (8)
The main point of the theorems in the paper is to show different condi-
tions to bound the right side of expression (8).
3. Convergence Theorems
In this section we will show how ‖ · ‖′ can be used to describe the radius
of convergence of a Taylor expansion of a hyperholomorphic function. This
section includes the proof of the main theorems.
We need an auxiliary lemma to guarantee compactly convergence of the
Taylor Series.
Lemma 3.0.1. Let f(x) =
∑∞
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν . If N(f)(x) < ∞ then f
converges compactly on
{x| ||ζ1(x)|| ≤ ||ζ1(h)||, ||ζ2(x)|| ≤ ||ζ2(h)||, ||ζ3(x)|| ≤ ||ζ3(h)||} .
Proof. It follows from Weiestrass M -test, see [[6], Theorem 3]. 
6 Eric Dolores
On the next theorems we describe conditions to bound the right side of:
N(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) ≤ (||x||
′)n
n!
∑
ν=(n1,n2,n3)
n1+n2+n3=n
(
n
n1, n2, n3
)
‖aν‖. (9)
Theorem 3.0.2. (Quaternionic Abel Theorem) Suppose that there are cons-
tants r0,M ∈ R, N0 ∈ R, such that for all n > N0 and multi indexes ν with
||ν|| = n we have the bound ||aν ||rn0 ≤ M . Under this hypothesis the series
f(x) =
∑∞
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν converges compactly on B
′(0, r0).
Proof. Let x ∈ H with ||x||′ = r < r0. Then for n > N0 and by using (9):
N(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν) ≤
∑
ν=(n1,n2,n3)
n1+n2+n3=n
(||x||′)n
n!
||aν ||
(
n
n1, n2, n3
)
≤
∑
ν=(n1,n2,n3)
n1+n2+n3=n
rn
n!
(
M
rn0
)
(
n
n1, n2, n3
)
≤ M 3
n
n!
.
Which give us
N(f)(x) ≤ N(
N0∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) +Me
3.

The next lemma is well-known, we include it because our norm ‖ · ‖′
simplifies the proof.
Lemma 3.0.3. If
lim sup
n→∞
( max
||ν||=n
‖aν/n!‖) 1n = 0
then
f(x) =
∞∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν ,
converges compactly for all H.
Proof. Let x ∈ H− {0}. There is N0 ∈ N such that for all n > N0
( max
||ν||=n
||aν/n!||) 1n ≤ 1
6||x||′ .
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Then using 9 we have that for all n > N0 :
∑
ν=(n1,n2,n3)
n1+n2+n3=n
N(Pνaν) ≤
∑
n1+n2+n3=n
||x||′n
(6||x||′)n
(
n
n1, n2, n3
)
=
1
6n
∑
n1+n2+n3=n
(
n
n1, n2, n3
)
= 1/2n.
We conclude that
N(f)(x) ≤ N(
N0∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) + 2.
Compactly convergence follows from convergence ofN(f) according to Lemma
3.0.1. 
The following theorem is useful in cases where there is a variation in the
magnitude of the coefficients of the homogeneous components of the Taylor
series or several of them have absolute values smaller than 1.
Theorem 3.0.4. (Quaternionic Cauchy-Hadamard Theorem)
Let
σ = lim sup
n
(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
(
n
n1, n2, n3
)
‖aν‖/n!)1/n
then
f(x) =
∞∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν ,
converges compactly for all h ∈ B′(0, 1σ ).
Proof. The case σ = 0 is follows from Lemma (3.0.3). Assuming σ 6= 0, let
x ∈ B′(0, 1σ ) and let θ =
√
||x||′σ < 1, then
θ
||x||′ =
σ
θ
> σ,
we conclude that there is N0 ∈ N such that for all n > N0 :
(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
(
n
n1, n2, n3
)
‖aν‖/n!) 1n ≤ θ||x||′ .
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Then for n > N0 we can substitute on (9):
N(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) ≤ (||x||
′)n
n!
∑
ν=(n1,n2,n3)
n1+n2+n3=n
(
n
n1, n2, n3
)
‖aν‖
≤ ||x||′n θ
n
||x||′n
= θn.
We conclude that
N(f)(x) ≤ N(
N0∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) + 1/(1− θ).

In the next theorem we compute the radius by considering the maxi-
mum absolute value of the coefficients multiplied by the number of non zero
coefficients.
We introduce
τ = lim sup
n
(
∑
ν=(n1,n2,n3)
|ν|=n,aν 6=0
(
n
n1, n2, n3
)
)1/n,
For polynomials we compute τ = 0. Any holomorphic function is an
example of a series with τ = 1. The hyperholomorphic function (10) has
τ = 3, which is the maximum value of τ .
Theorem 3.0.5. (Weak Quaternionic Cauchy-Hadamard Theorem) Let
ρ = lim sup
n→∞
( max
||ν||=n
||aν/n!||) 1n , 0 ≤ ρ <∞
and
τ = lim sup
n
(
∑
ν=(n1,n2,n3)
|ν|=n,aν 6=0
(
n
n1, n2, n3
)
)1/n
then
f(x) =
∞∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν ,
converges compactly for all h ∈ B′(0, 1τρ).
Proof. Lemma (3.0.3) considers the case ρ = 0. Let x ∈ B′(0, 1τρ) and let
θ =
√
||x||′τρ < 1, then
θ
τ ||x||′ =
ρ
θ
> ρ,
we conclude that there is N0 ∈ N such that for all n > N0
||aν/n!|| 1n ≤ θ
τ ||x||′ , ||ν|| = n.
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Since
τ
θ1/2
> τ,
we can find M0 > 0 so that for all M >M0 :
∑
ν=(n1,n2,n3)
|ν|=n,aν 6=0
(
n
n1, n2, n3
)
< (
τ
θ1/2
)M .
Then for n > max{N0,M0} :
N(
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) ≤ (||x||′)n
∑
ν=(n1,n2,n3)
n1+n2+n3=n
(
n
n1, n2, n3
)‖aν‖
n!
≤
∑
aν 6=0,|ν|=n
(
n
n1, n2, n3
)
||x||′n θ
n
||x||′nτn
= (τ/θ1/2)n(θ/τ)n
= θn/2.
We conclude that
N(f)(x) ≤ N(
N0∑
0
∑
ν=(n1,n2,n3)
n1+n2+n3=n
Pνaν)(x) + 1/(1−
√
θ).

4. Comparison of radius of convergence.
In the previous section we showed that our radius does describe a region
when the Taylor series expansion converges. In this section we will compare
out methods with the ones on the literature.
Using [[6], page 9], we need to compute
ρ1 = lim
n→∞
(( max
‖ν‖=n
|aν‖)1/n)−1
to guarantee that f converges on {x ∈ H| ‖x‖ < ρ1}.
For example given the function
∞∑
0
∑
|ν|=n
n!Pν =
∞∑
0
∑
|ν|=n
∑
(i1,··· ,in)∈Aν
ζi1 · · · ζin (10)
ρ1 = lim
n→∞
(( max
‖ν‖=n
1)1/n)−1
Let q = 1/3(i+ j + k), ‖q‖ = 1/√3 but the series diverges on this point:
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∞∑
0
∑
|ν|=n
n!Pν(q) =
∞∑
0
∑
|ν|=n
∑
(i1,··· ,in)∈Aν
ζi1 · · · ζin(q)
=
∞∑
0
∑
|ν|=n
∑
(i1,··· ,in)∈Aν
1/3n
=
∞∑
0
∑
|ν|=n,ν=(n1,n2,n3)
(
n
n1, n2, n3
)
1/3n
=
∞∑
0
(3/3)n
The reason is that we also need to count how many terms are non zero.
This motivated the definition of τ in Theorem 3.0.5. We compute ρ = 1/3
for this series.
Following [[4], page 168], we use the expression :
∞∑
0
∑
(n0n1,n2,n3)
n0+n1+n2+n3=n
|xj00 xj11 xj22 xj33 |‖a(n0n1,n2,n3)‖
to compute the formula
ρ2 = lim
n→∞
(
∑
‖(v0,v1,v2,v3)‖=n
‖a(v0,v1,v2,v3)‖1/n)−1 (11)
We consider a complex analytic function and we decompose it in the
real variables, to obtain a series f(z) =
∑
znan =
∑
n
∑(n
s
)
xn−sys(−i)san,
then using
lim
n→∞
((
n∑
s=0
‖
(
n
s
)
(−i)san‖)1/n)−1 = lim
n→∞
((2n‖an‖)1/n)−1 (12)
= 1/2 lim
n→∞
((‖an‖)1/n)−1. (13)
The inequalities |x| < ‖z‖, |y| < ‖z‖ require to consider all binomial
terms on (x + iy)n and this is the source of the 2n coefficient. Since the
norm is multiplicative we can avoid the coefficient 1/2 by just considering
‖anzn‖ = ‖an‖‖z‖n.
In the quaternionic case we the variable x0 + ix1 + jx2 + kx3 is not
hyperholomorphic. Instead we have the decomposition on the Pν polynomials.
When adding the coefficients of the real variables instead of the coefficients
of the Fueter variables, the coefficients aν always contribute 2
n times as
ζi1 · · · ζin = (xi1 − i0xi0) · · · (xin − inxi0 ) =
∑∏
cIxI0 · · ·xIn
contains 2n monomials of real variables.
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Similarly to the complex case, a radius that depends on a decomposition
on real variables is not the maximal radius of convergence due to this 2n
coefficient.
In our norm we consider
‖ζi1 · · · ζin‖ = ‖ζi1‖ · · · ‖ζin‖.
Since we stick to the Fueter variables our radius only considers once
copy of aν on the calculation.
Our norm returns a radius ρ so that a region of the form B′(ρ) =
{x|‖x‖′ < ρ} is contained in the region of convergence. Different basis can
be used to obtain a Taylor expansion of a hyperholomorphic function, see
for example [1]. In terms of Theorem 3.0.5, if we use a different basis we will
vary the parameters τ and ρ. This happens because in the new basis we will
obtain a rotated ‖·‖′ ball and that region should be contained in the maximal
region of convergence. The radius ρ will decrease or increase accordingly.
For example, let
∑
(xi − kxj)n =
∑
(ζi − ζjk)n. This series converges
on a ‘tubular’ region of those quaternions with ‖xi + kxj‖ < 1. Note that
B′(0, 1) contains points outside of ‖xi + kxj‖ < 1 as .9i + .9j. If we write∑
(xi+kxj)
n in the Fueter basis then the number of coefficients a~ν increases
and so does τ , allowing B′(0, 1/ρτ) to be contained in ‖xi + kxj‖ < 1.
The expression (ζi + ζjk)
n contains terms of the form ζikζj , which are
not hyperholomorphic. Thus, by only expanding
∑
(ζi+ζjk)
n will not lead to
the hyperholomorphic expression. For example the correct hyperholomorphic
expression of (ζi + ζjk)
2 is ζ2i − ζ2j + (ζiζj + ζjζi)k.
4.1. Examples of domains
It is important to work with open domains. As any holomorphic function
induces a hyperholomorphic function; the series
∑
ζn1 n
n + 2 converges only
on the plane jR+ kR, where it has the constant value 2.
Consider
∑
ζn1 an+
∑
ζn2 bn+
∑
ζn3 cn with s1 = lim supk→∞(||ak||)
1
k ,
s2 = lim supk→∞(||bk||)
1
k , s3 = lim supk→∞(||ck||)
1
k ; then Theorem 3.0.5
guarantees that f(x) =
∑
ζn1 an + ζ
n
2 bn + ζ
n
3 cn convergences on B
′(0, 1s ), s =
max{s1, s2, s3}. On the other hand, Theorem 3.0.1 give us a bigger domain
of convergence
{||x0 + ix1|| < 1
s1
, ||x0 + jx2|| < 1
s2
, ||x0 + kx3|| < 1
s3
}.
Here is an example when the domain of convergence of the function is
exactly a poly-cylinder f(x) =
∑
ζ2
n
1 + ζ
2n
2 + ζ
2n
3 . And here is an example
when the radius of convergence is not rational: let’s consider νk = (4k, k, k),
then using Stirling formula we obtain
lim
k→∞
(
6k
4k, k, k
) 1
6k
=
3
2
1
3
,
and so the series
∑∞
k=0 Pνk has radius of convergence 2
1/3/3.
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5. Octonions
The non commutativity of Quaternions set the shape of the Taylor expan-
sions. We used the fact that the norm ‖ · ‖ is multiplicative to bound the
Taylor expansion in terms of the norm ‖ · ‖′, which is based on the Fueter’s
basis. We never worried about commutativity since we worked all the time
with the norms of the coefficients and the terms ‖ζs‖′.
The only real finite normed division algebras are R,C,H,O. There is a
Taylor expansion of functions in terms of the Fueter basis for Octonion hyper-
holomorphic functions. Since we have a multiplicative norm in the Octonions
we can carry out our proofs without having to worry about non associativ-
ity, the Taylor expansion of the functions is shaped by the non associative
product, but then we will only work with the norms of the coefficients.
We consider O as the real vector space generated by e0, e1, · · · , e7, with
multiplication rule [7]
eiej =


ej, if i = 0
ei, if j = 0
−δije0 + εijkek, otherwise
where δijδij is the Kronecker delta and εijkεijk is a completely antisymmetric
tensor with value +1 when ijk = 123, 145, 176, 246, 257, 347, 365.
Definition 5.0.1. [5] A function h : O → O is said to be (left) O -analytic in a
neighborhood V of the origin, if h is real differentiable on V and if DOf = 0
when DO is the Octonion Cauchy-Riemann-Fueter operator DO =
∑7
0 ei
∂
∂xi
.
In [5] they prove the following Taylor expansion forO-analytic functions:
h(x) =
∞∑
n=0
∑
ν=(n1,n2,n3,n4,n5,n6,n7)
n1+n2+n3+n4+n5+n6+n7=n
Vνcν ,
where
Vν =
1
n!
∑
(i1,··· ,in)
((· · · (((ζi1ζi2 )ζi2) · · · )ζin),
where ζi = (xi − eix0) and the sum is over is the set of all possible words
with n1 letters 1, n2 letters 2, etc. Note that an order of multiplication for
the ζ functions is fixed.
Definition 5.0.2. We denote by || · ||′O : V→ R the norm
||v0 +
∑
eivi||′O = max
i∈{1,··· ,7}
{||vi − eiv0||}.
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We compute
volume (B′(0, r)) = 28
∫ r
t=0
(r2 − t2)7/2dt (14)
= r8 ∗ 35π (15)
= 24 ∗ 35/π3 volume (B(0, r)) (16)
(17)
It turns out that we can prove the equivalent to the main theorems on
this paper with the same techniques as the previous sections by replacing
occurrences of
(
n
n1,n2,n3
)
with
(
n
n1,n2,n3,n4,n5,n6,n7
)
.
Theorem 5.0.3. (Octonion Abel Theorem) Suppose that there are constants
r0,M ∈ R, N0 ∈ R, such that for all n > N0 and multi indexes ν with
||ν|| = n; we have the bound ||cν ||rn0 ≤M . Under this hypothesis the series
h(x) =
∞∑
0
∑
ν=(n2,n3)
n2+n3=n
Vνcν , (18)
converges compactly on {x| ||x||′O < r0}.
Theorem 5.0.4. (Octonion Cauchy-Hadamard Theorem)
Let
σ = lim sup
n
(
∑
ν=(n1,n2,n3,n4,n5,n6,n7)∑
ni=n
(
n
ν
)
‖cν
n!
‖)1/n
then (18) converges compactly for all h ∈ {x| ||x||′1 < 1σ }.
Theorem 5.0.5. ( Weaker Octonion Cauchy-Hadamard Theorem )
Let
ρ = lim sup
k→∞
( max
‖ν||=k
‖cν/n!‖) 1k
and
τ = lim sup
n
(
∑
ν=(n1,n2,n3,n4,n5,n6,n7)∑
ni=n|cν 6=0
(
n
ν
)
)1/n,
then (18) converges compactly on {x| ||x||′O < 1τρ}.
This all depends on having the function written in terms of the basis
{ζi}i, the election of a different basis of linear O-analytic polynomials will
change the radius of convergence to allow a maximal S-bicylinder of conver-
gence as in 4.
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6. Moisil–The´odoresco Basis
We consider V ⊂ H as the vector space generated by i, j, k, elements are
written as v = iv1 + jv2 + kv3. We are interested in functions g : V → H
that are real differentiable on V and such that DMT g = 0 when DMT is the
Moisil–The´odoresco operator [2]:
DMT = i
∂
∂x1
+ j
∂
∂x2
+ k
∂
∂x3
.
When the domain is H, the first coordinate has different algebraic pro-
perty 12 = 1 than the other coordinates i2 = j2 = k2 = −1 and so, to
find the power series expansion of a function f : H → H it is a common
practice to use Fueter’s basis, where the real variable has a different role as the
other variables. Although any other variable can be selected to generate the
corresponding homogeneous polynomials. Now we are working with V ∼ R3,
where the three variables have the same algebraic properties, so our methods
are not motivated by anti-symmetries anymore.
To apply our results we consider that we are working with a hyperholo-
morpic function that independent of the real coordinate. We consider the
basis:
{ξ2(v) = v2 − v1
i
j, ξ3(v) = v3 − v1
i
k}.
Below we show that real analytic functions g that satisfy DMT (g) = 0
on a open neighborhood of the origin can be expanded locally as:
g(x) =
∞∑
n=0
n∑
k=0
ν=(k,n−k)
Sνbν , (19)
Where for every ν, n!Sν is a polynomial obtained by adding all possible
products of k functions ξ2 and n− k functions ξ3, and bν ∈ H.
Given an infinite differentiable function g : V → H, and a quaternion
h = h0 + ih1 + jh2 + kh3, we formally consider the series:
T (g)(h) =
∞∑
n=0
1
n!
(h1
∂
∂x1
+ h2
∂
∂x2
+ h3
∂
∂x3
)nf |(0).
Since DMT (g) = 0:
∂
∂x1
f = (−i−1j ∂
∂x2
− i−1k ∂
∂x3
)f
and we can rewrite the n-derivative as:
1
n!
(
(h2 − i−1jh1) ∂
∂x2
+ (h3 − i−1kh1) ∂
∂x3
)n
f |(0).
Given ν = (s, n − s) let Bν be the set of all possible vectors with s
numbers 2 and n− s numbers 3. Then
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1
n!
(
ξ2(h)
∂
∂x2
+ ξ3(h)
∂
∂x3
)n
f |(0)=
=
1
n!
∑
|ν|=n
∑
~ν=(i1,··· ,in)∈Bν
ξi1 · · · ξinbν
=
∑
Sνbν .
Definition 6.0.1. We denote by || ◦ ||′1 : V→ R the norm
||iv1 + jv2 + kv3||′1 = max{||v2 − i−1jv1||, ||v3 − i−1kv1||}.
The balls determined by || ◦ ||′1 are still bigger than the euclidean ones,
in fact they are bicylinders as in figure 1 1.
Figure 1. Bicylinder
It turns out that we can prove the equivalent to the main theorems on
this paper with the same techniques as the previous sections by replacing
occurrences of
(
n
n1,n2,n3
)
with
(
n
n1
)
.
Theorem 6.0.2. (Abel Theorem) Suppose that there are constants r0,M ∈
R, N0 ∈ R, such that for all n > N0 and multi indexes ν with ||ν|| = n; we
have the bound ||bν ||rn0 ≤M . Under this hypothesis the series
g(x) =
∞∑
0
∑
ν=(s,t)
s+t=n
Sνbν , (20)
converges compactly on {x| ||x||′1 < r0}.
Theorem 6.0.3. (Cauchy-Hadamard Theorem)
Let
σ = lim sup
n
(
n∑
s=0
(
n
s
)
‖b(s,n−s)/n!‖)1/n
then (20) converges compactly for all h ∈ {x| ||x||′1 < 1σ }.
1 Image made by Ag2gaeh - Own work, CC BY-SA 4.0,
https://commons.wikimedia.org/w/index.php?curid=63519897 .
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Theorem 6.0.4. ( Weaker Cauchy-Hadamard Theorem )
Let
ρ = lim sup
k→∞
( max
‖ν||=k
‖bν/n!‖) 1k
and
τ = lim sup
n
(
∑
0≤s≤n|bs,n−s 6=0
(
n
s
)
)1/n,
then (20) converges compactly on {x| ||x||′1 < 1τρ}.
This all depends on having the function written in terms of the basis
{ξ2(v) = v2 − v1i j, ξ3(v) = v3 − v1i k}, the election of a different basis S =
{Sa, Sb} of linear polynomials that satisfy DMTSt = 0, t = a, b, will change
the radius of convergence to allow a maximal S-bicylinder of convergence as
in (4).
7. Future work
The norm ‖ ·‖′ may give better estimations of error approximation by Taylor
series.
Is ρ the radius of the maximal ‖ · ‖′ ball contained on the corresponding
domain of convergence? Closely related to the previous question, note that
due to the combinatorial definition of Pν , and the non commutativity of
Quaternions, there may be a way to bound the possible values of Pν based
only on the norm of the input and the coefficients ν. Perhaps this will avoid
the coefficient 3n in the Quaternionic case or the coefficient 7n in the Octonion
case.
It would be useful to have an explicit relationship between the region
calculated using equation (11) and our region.
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